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ABSTRACT. For G a group and AG the category of G-objects in
a category A, a collection of functors, called ‘S-operations,” is introduced
under mild restrictions on A. With certain assumptions on A and with G
the symmetric group Sk' one obtains a unigeneration theorem for the Gro-
thendieck ring formed from the isomorphism classes of objects in ASk. For
A = finite-dimensional vector spaces over C, the result says that the repre-
sentation ring R(Sk) is generated, as a A-ring, by the canonical k-dimen-
sional periutation representation. When A = finite sets, the S-operations
are called “g-operations,” and the result says that the Burnside ring B(Sy)
is generated by the canonical Sk-set if p-operations are allowed along with
addition and multiplication,

I

A. Introduction. In the theory of linear representations of a finite group
G, representations can be added, multiplied, and formed into a ring R(G), the
representation ring of G. In addition, nth symmetric power operations can be
applied to any representation, and these operations can be extended to all elements
of R(G). Knutson [5] gives a detailed account of these operations in R(G);
Atiyah [1] discusses similar operations in the setting of vector bundles.

This paper attempts to generalize these notions. For any group G, a col-
lection of operations on the category AC is defined under mild restrictions on
A. In the case of linear representations of a finite group, these operations are
combinations of symmetric powers, but, in general, they include other operations
as well. Letting G =S; and with certain assumptions on Ask, one obtains the
main result:

COROLLARY I1.22. (X, )= K,(A®¥).

Here, KO(AS") is the Grothendieck ring formed from the isomorphism
classes of objects in ASk, X, is a particular object in Ak, and (X, % ) is the
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128 E. H. BOORMAN

subring of KO(AS“) obtained by applying the operations to X, and taking
sums and products of the results, A principal application of this corollary is that
R(S;) is generated by the canonical permutation representation X, if symmetric
powers are included along with addition and multiplication. For the reader famil-
iar with A-rings, this statement says that R(S;) is generated by one element as

a Aring [2], [5].

§ §1.B and I.C present some background on the two principal examples, the
Burnside and representation rings of a finite group. Chapter II introduces the
S-operations and explores their behavior; the main theorem and its Corollary 11.22
are proved in §C. In Chapter III, Corollary II.22 is used to prove that R(S)) =
(X ) and B(S;) =(X, ) forall k> 1. Itis also shown that, in general,
neither B(S;) nor R(S,) is unigenerated as a ring. Moreover, although B(S,)
= (X ), if one allows only symmetric power operations rather than all S-opera-
tions, one does not necessarily obtain all of B(S;).

B. The Burnside ring, B(G). Let G be a finite group. A G-set is a finite
set T together with a mapping G x T— T such that (g,8,)t = g,(g,0), 1t
=t, foral g,,g, €G, t€T. A morphism of G-sets, or G-map, is a set map
f: T—T', with T and T' G-sets, such that f(gf) = gf(¢) forall g€E€G,

t €T. Two G-sets are said to be isomorphic if there is a G-map between them
which is a set isomorphism. G-sets and G-maps clearly form a category.

ExampLES I.1. (i) Let G be any finite group, T any finite set. Then
T can be given the trivial action gt =¢ forall g€G, tE€T

(") In example (i), if T has only one element, T is denoted by 1.

(Of course, all one-element G-sets are isomorphic.)

(ii) Let H be a subgroup of a finite group G. Then G/H, the set of left
cosets of H in G, isa G-set by the action g(xH) = (gx)H.

(iif) Let S, be the symmetric group on the symbols 1,2,---,n Let
X, betheset {x;,x,,°°*,x,}, andlet S, acton X, by ox;=x;-

X,, will be called the canonical S,-set.

(iv) Let G be any finite group. The empty set @& is clearly a G-set.

If T, and T, are G-sets, then the disjoint union 7', I T, isa G-set,
under the obvious action. On the other hand, every G-set can be decomposed
into its G-orbits:

PROPOSITION 12. Every G-set T# @ is of the form [I/_,T, where
T, is a transitive G-set. The T;’s are unique up to order. (A Gset T is
transitive if T+@ and if given t,, t, €T thereisa g E€G such that gt; =
t,)

ProrosITION 1.3. If H is a subgroup of G, then G/H is a transitive
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G-set. Conversely, every transitive G-set is of the form G/H for some subgroup
H of G.

PROOF. Given g,H, g,H € G/H, (g,8;")8,H = g,H. Hence G/H isa
transitive G-set.

Suppose T isa transitive G-set. Let t €T. Then T =Gt Let G, be
the isotropy group of ¢, ie., G, = {g € Glgt = t}. Then the map T — G/G,
defined by gt > gG, is a G-isomorphismO

ProrosITION 14. G/H = G/K as G-sets ifand only if H and K are
conjugate subgroups of G.

Proor. Suppose H and K are conjugate,ie., K =g'l'ngl for some
& €G. Then the maps

¢: G/H— G/K, ¥: G/K — G/H,

gH > (g2,)K, gK > (gg7")H,

are G-maps,and ¢° Y =15/, V° 9 =15, So G/H=G/K

Conversely, assume G/H = G/K. Then there exist G-maps ¢: G/H —
G/K, ¥: G/K—> G/H suchthat o ¥ =1g,, Vo d=1g,. If ¢(1H)=
&K, then g,K =hg K forall h €H, so g;'Hg, CK. Similarly ¢(1K) =
g,H gives g5'Kg, CH. Thus g;'¢7 Hg, g, Cg;'Kg, CH. Since g;'g,'Hzg, g,
has the same number of elements as H, g;'¢7'Hg, 2, = 8;'Kg, = HO

If T) and T, are G-sets, then the cartesian product T, x T, isa
G-set under the obvious action. The Burnside ring of G, B(G), consists of all
finite formal sums, Z;n; [T;] (n; € Z), of G-sets T;, modulo the relations

@ [T,]1=1I[T,] if T, =T, as G-sets,

() [T, UT,] =[T,] + [T,].
B(G) is clearly an abelian group; the cartesian product, together with 1., gives
B(G) the structure of a commutative ring with identity, ie., [T,]([T,] =
[T, x T,]. Whenever no confusion could arise, the brackets will be omitted.

Propositions 1.2, 1.3, and 1.4 imply

ProPOSITION L5. Let {H,} be a set of representatives of the conjugacy
classes of subgroups of G. Then B(G) isa free Z-module with basis {[G/H,]}.

The rest of this section is devoted to defining a set map h,: B(G) — B(G)
for each integer n > 0. For any G-set T, the set T is defined to be the
collection of elements of T with the identification ¢, ~ ¢, iff Gt, = Gt,.

Let T bea G-set. Then T" =T x T x ---x T (n times)isa G-set
and also an S,-set via 0(ty, " * " 5 ,) = (to-1(1)s " " " s By—1(,y)) fOr 0 E€S,.

For each integer n > 1, let h,(T) denote (T")Sn;h,,(I) is thus the nth
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symmetric power of 7. Since the G-and S,- actionson 7" commute,
h, ()= (T")Sn is actually a G-set. Clearly h, sends isomorphic G-sets to
isomorphic G-sets. Finally, define hy(T) tobe 1; forall G-sets T.

If T\, T, are G-sets, then

h (T, 11 Ty) = i]_'jo (T, x hy_(T2)).

h,, can now be defined on any element of B(G) by the following construction:
Define

H,: (G-sets) x (G-sets) — B(G)
inductively by

H\(T,, T,)=1g,

n=1
H,(Ty, T,) = h,(T}) = 3 H(Ty, T, (T,) for n>0.
i=1

Clearly,
T,=U, T,=2U,=>H,(T,,T,)=H,(U,,U,) forall n=>0.
In addition, an induction argument and the “addition formula” above give
H(T\U T, T,UD=H,(T,,Ty), H,T, 8)=h,TD)
forall n>0 and G-sets T,,T,,T.

An arbitrary element of B(G) lookslike T —=T,, where T, and T,
are Gsets. If T, ~T,=U, ~U,, then |1 U, =U, LI T,, so

H(Ty, T,) = H,(T, 1 U,, T, 1 U,)

=H (U, U T,, T,1U,))=H,U,,U,).
Thus H,(T,, T,) dependsonly on T, — T,. Therefore, define h, (T, = T,) =
H,(T,,T,). Then h,: B(G)— B(G) is a well-defined set map and coincides
with its former definition if T € B(G) is actually a G-set.

C. The representation ring, R(G). Let G be a finite group. A (linear)
representation of G (over C) is a finite-dimensional vector space ¥V over C,
together with a group homomorphism p: G — Aut V. V is called a G-module,
and p gives an action of G on V. One usually writes

vE&Y, v
instead of

y L&), vV, vt p(@Ep.
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A G-module map is a linear transformation f: ¥V —> V', with ¥ and
V' G-modules, such that f(gv) =gf(v) forall g E€G, vE V. Two G-modules
are said to be isomorphic if there exists a G-module map between them which is
also a vector space isomorphism. G-modules and G-module maps clearly form a
category.

ExampLES 1.6. (i) Let G be a finite group, V a finite-dimensional vec-
tor space. ¥ can be given the trivial action gv=v forall g€G, vE V.

(i') A special case of example (i)is ¥ =0.

(") In example (i), if dim V=1, V is denoted by 1.

(i) Let G=S,. Let V have basis {v;,**,v,}, and let S, actby
0v; = V,(;) for o €S,. This representation V' will be called the canonical
S,-module, and denoted X,.

(ii") More generally, suppose p: G — S, is a group homomorphism. (o
is called a permutation representation.) By composing this homomorphism with
the one in example (ii), one obtains a linear representation of G, G - S, —
Aut X,. Sincea G-set T consisting of n elements is a group homomorphism
G — S, the concept of G-set is the same as the concept of permutation
representation of G.

A G-module V is reducible if V=0 or if there is a subspace W of V
such that GW C W, with W#0 and W+ V. If V is not reducible, it is
called irreducible.

If V,,V, are G-modules, then the vector space coproduct V; I V, is
a G-module via the obvious action. A G-module ¥ is said to be decomposable
if V=V, 11 ¥V, asa G-module, where V,+# 0. Propositions 1.7-1.9 can be
found in any book on group representation theory (see [5], [8]).

PROPOSITION 1.7 MASCHKE). If V # 0 is reducible, then V is decom-
posable.

ProOPOSITION L.8. Every G-module V # 0 can be expressed as a finite
coproduct V=]1%,V,, where each V, is an irreducible G-module. The
Vs are unique (up to order).

PROPOSITION 1.9. The number of irreducible representations of G is
equal to the number of conjugacy classes of G.

For G-modules V,, V,, ¥V, ® ¥V, isa G-module via gv, ®v,) =gv;, ®
gv,. The representation ring of G, R(G), consists of all finite formal sums
Z;n[V;] (n; €2), of G-modules ¥; modulo the relations

@ [v,]1 =1v,] if V; =V, as G-modules,

@@ [v,uv,]=1[v] +[V,].

R(G) is clearly an abelian group; the tensor product, together with 15, gives
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R(G) the structure of a commutative ring with identity, that is [V,][V,] =
[V, ® V,]. The brackets will usually be omitted.
Propositions 1.8 and 1.9 imply

PROPOSITION 1.10. Let Itrep G = the set of isomorphism classes of
irreducible G-modules. Then R(G) isa free Z-module with basis {[V]|V €
Irrep G). The rank of R(G) = the number of conjugacy classes of G.

As in the case of B(G), symmetric power operations h,: R(G) — R(G)
can be introduced. For any G-module ¥, define the vector space ¥V to be
V/W, where W is the subspace of V generated by {v—gvlv €V, g €G}.
The vector spaces V; and V¢, where VC is the subspace of ¥ fixed by
G, are seen to be isomorphic by the fact that the linear transformation Y:

V — V defined by

Y@) = I'é—l 56 gV

has image VC and kernel W. In the case of sets, however, the corresponding
objects T; and TC are not generally isomorphic.

For any G-module V, VO" V® ‘®V (n times) isa G-module
and also an S,-module via o(v, ® v,) = @ -®v ., for

Vo 11 (n)

0 €S,. For each positive integer n, Iet h,(V) denote (V®" )s ; hy(V) is
thus the nth symmetric power of V. Since the G- and S,- actions on yen
commute, h,(V) = (Ven)s,, isa G-module. Define ho(V) to be 15 for all
G-modules V. Clearly h, sendsisomorphic G-modules to isomorphic G-
modules.

For G-modules V, and V,,

(V1 V) = ,f{ V) ® by (V).

As in the G-set case, h, can be defined on any element V, =V, of R(G)
by defining H,: (G-modules) x (G-modules) — R(G) inductively by

n—1

H,(Vy, V,) = hy (V) - iz; H(V,, Vh, (V) for n>0,

and then using the “addition formula™ above to show that H,(V,, V,) depends
onlyon V; —

G-sets and G-modules are examples of the category discussed in Chapter
II. There, a family of functors, called S-operations, is defined. In the case of
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G-modules, these S-operations turn out to be sums and products of symmetric
powers h,. In fact, by applying these operations to the canonical S;-module
X, one can obtain every element in R(S;) (see III, §A).

In the case of G-sets, however, the S-operations include more than symmet-
ric powers. In III, §B, one sees that applying sums and products of symmetric
power operations h, to the canonical S;-set X, does not always give all of
B(S,), whereas applying all the S-operations to X, does.

II. S-OPERATIONS

A. The category A® and functors Sw,: A® — AC. Let G bea
group, and A a category A G-objectin A isanobject 4 in A, together
w1th morphlsms AL, 4 for all g €G, satisfying pgy = pg © Pys Py = 1,.
A —->A is usually written 4 £ A4.

A G-map, or G-morphism, is a morphism f: 4 — B in A, with 4
and B G-objects, such that fg =gf for all g € G. The category of G-objects
and G-mapsin A is denoted AC.

The aim of this section is to define a collection of functors from A® to
ASC, under certain assumptions on A. The reader is referred to [6] for a refer-
ence on category theory.

Recall that given two morphisms a,: 4 — B, u: B — K is a coequal-
izer for @ and B if pa =B, and if whenever u': B — K' satisfies u'a =
u'B, then there is a unique morphism y: K — K' such that yu = y'. Given
two morphisms f;: A — B,, f;: A — B,, a commutative diagram

T
A—2>p,

there is a unique morphism y: P—> P’ such that p} =yu, and p) = yu,.

LEmMMA IL.1. Let A be a category with coequalizers and finite coproducts.
Then A has pushouts.
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Proofr. Consider

The coproduct B, I B,, together with the canonical morphisms i;: B; —
B, 1 B,, j=1,2, gives morphisms i;° f;: A— B, 1l B,, j=1,2. Let
u: B 1l B, — K be the coequalizer for i; ° f; and i, © f,. Then p°
@, °fi)=wne° (i, °f,) gives a commutative diagram

12

A—2-p,

A s

B, ET K
The fact that this diagram is actually a pushout follows from the definitions of
coproduct and coequalizer. O

Given a family {u;: A — A,},c; of epimorphisms, p: 4 — A4’ is the
cointersection of the family if for each i €I there exist morphisms v;: 4, —
A’ such that p=wy, and if every morphism A4 — B which factors through
each u; factors uniquely through u.

LemMA I1.2. If A has pushouts, then A has finite cointersections.

Proor. It suffices to show existence for a family of two epimorphisms
My: A—A4,, uy: A—A4,. Let

4 4,
| b
P

be the pushout for u, and p,. Then v u, =v,u,: 4 — P is the cointer-
section of u, and p, by the definition of pushout.0d

Let FG A —->AGl be the functor which sends 4 €A to 4 € A® by
letting A $>4 be A—2>4 forall gEG. Let VEAS. A G-orbit
space of V isa pair (O, ), where O € A and « € Mor AG(V. F(0)), such
that whenever X € A and f € Mor G(V Fo(X)) there is a unique ¢ €
Mor, (0, X) such that Fg(¢)° 7= f When such an O exists, it is of course
unique up to natural isomorphism and is denoted V.
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ProrosITION I1.3. Let G be a finite group and let A have coequalizers
and finite coproducts. Then (Vg, n) exists forall V € AS.

PrOOF. For each pair of distinct elements g;, g € G, let ”gi'gj: | ad
K,, p be a coequalizer for the morphisms g;,g;: V' — V. Each p,, o) is an
eplmorphxsm since every coequalizer is. Let @t V' —> O be the cointersection
(exists by Lemmas II.1, I1.2) of the finite family {ug 8 V— Kgi 3i}3i*3i
A. This construction gives (V, m):

For each gEGQG, Mg 18 = ﬂglly_ﬂx 1» S0 mg=m forall g €G. Hence
m € Mor G(V Fc(0). If f€ Mor AG(V Fe(X)), then fg = fg; forall g,
&€ G, so f factors through each Mg g Thus there is a unique ¢ €
Mor, (0, X) such that ¢° 7= f0

REMARK 11.4. Proposmon I1.3 says there is a functor ()g: A — A
left adjoint to F: A — AS, ie., "Mor AG(V Fe(X)) = Mor, (V, X), natural
in arguments ¥V and X

For each integer n > 1 and each W, € ASn (S,, is the symmetric group),
a functor ¢y : A® — AS will be defined. To do so, assume that A has not
only coequahzers and finite coproducts but. also a “tensor product” 1, that is,
a functor L: A x A — A which is coherently associative and commutative (see
[7, Chapter I]), and which distributes with the coproduct. This insures natural
isomorphisms

U, 14,)1A4;4,1(4,14,),

A LA, ~A,14,,
A LA, 1 A)~ (4, LA,) 1 (4, L 4,),

such that isomorphisms between products of several factors, obtained by succes-
sively applying the above, are the same.

Fix_W, €A™, Let TEA andlet T"=TL1TL---1T (n times).
T17 € A" via the natural isomorphisms which permute its factors. Since L is
a functor A x A — A it induces a functor 1: A® x AG — A® for any
group G; thatisif 4 £+4,B-5>B, then A 1B -2 4 1 B gives
A .l. B a well-defined G-action by the functoriality of L. Hence W, 1 y
ASn, Defining ¢y, (T) tobe (W, L Tl”)s » one obtains a functor ¢y, :
— A. (For f: T T, S, (): (W, L T")S —-w,l T"')S is the. ob-
vious map.)

If TEA®, T comes with morphisms T -5+ T forall g €G, which
induce morphisms

$w, &)

bw (1) ow, (D
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for all g €G. Since ¢y, isa functor, the maps ¢wn(g) define a G-action on
6w, (T)- Thus one has a functor ¢y : A® — AS for any group G.

' In conclusion, then, if G is any group and if A has coequalizers, finite
coproducts, and a “tensor product” L, then for each positive integer and each
W, € A", one has a functor bw,: A% — A® defined by ow, (1) =
W, LT, .

B. The behavior of the functors bW, The purpose of this section is to
investigate the behavior of the functors ¢w,,‘ To do so, one first introduces in-
duced objects.

Suppose H C G are groups. A € A® may be viewed as an H-object via
the inclusion H & G, giving rise to a functor Resg: A® — AH, Let we
AH. An induced object of W isa pair (V, ¢), where VEA® and ¢y €
Mor , yy(W, Res;}¥) such that whenever X € A® and f € Mor, (W, Res§X)
there is a unique ¢ € Mor AG(V, X) satisfying (Resgq&) °©y =f Whensucha
V exists, it is unique up to natural isomorphism and is denoted IndﬁW.

ProprosITION I1.5. Let H C G be finite groups and let A have coequal-
izers and finite coproducts. Then (IndSW, ) exists for all W € AH.,

ProoF. Let W€ AM. Form the coproduct of W with itself |G| times
to obtain the object Il W, in A, whichisin AS via the maps LW, —%—>
1Iw,, forall g €G, which permute the factors; more precisely, *g is induced
by the maps *g.: W, — W,, & L, gW,, where the first morphism is 1y,
and t{le second is the canonical map associated with the coproduct. In the future,
W, —> W, will be denoted 12. For h €H, let LW -"">1IW, be the
map induced from maps

12"
hy: Wy ——— W, & wa’

and let LW, 2 1w, be induced from the maps h,: W, - W, & 1Iw,,
where the first map is just the action of H on W.

Observe that h**g = *gh* and h(*g) = *gh forall g€ G, h€H. For
hE€H, let p,: LW, — K, be the coequalizer of h* and h. Since (ufg)h*
= uh**g = (u,h)*e = (upgh for g €G, there is a unique map K, —g>K,,
such that the triangle

u*
I-I wx hg)v Kh
7
Ky

commutes. One thus obtains a map 6, for each g €G. The uniqueness of each
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8, implies 6, =1, and 6, , =6, 0, . Hence K, €A® and p, isa
G-map.

Let u: LW, — K be the cointersection (exists by Lemmas IL1, I1.2) of
the finite family of epimorphisms {u,},c; in A. Since u factors through
each u,, u*g does also; hence for each g € G, there is a unique map K e,
K such that the triangle

u*g
Iw, ==«

commutes. The uniqueness of each p, makes K a G-object and therefore u
a G-map.

Let y: W—> ResgK be the map p,: W, — K which comes from
p: U, ccW, — K. (Here and elsewhere, W is identified with W,) K=
Indgw by the following argument:

To show that ¢ is an H-map, one must show that p,¥ = Yh The last
commutative triangle and the definition of u give p,¥ = pyu, = u*hy = uhy =
uh = yh

Suppose f: W— Resf,X is an H-map. One can show that there is a
unique G-map 7: LW, — X such that the triangle

wl_—‘f__)x
I\ 7
/
/
7/ T

Ow,
commutes, as follows:
If such a 7 exists, then for each x € G, the square

f

SRt

I Wy —FX
commutes. Hence 7, =xf1 forall x €G. Thus 7 is unique. For existence,
define 7 by 7, =xf1} forall x €G.

Moreover, 7h* =h forall h € H since (th*), = 7,,13" = xhf1l,1%h
=xhf1}, (th), = 7.h = xfllh =xfn1}, and f isan H-map. Hence 7 factors
through u, forall A € H. It follows that there is a unique ¢: K — X satis-
fying 7 = ¢u. By the fact that u and 7 are G-maps and by the uniqueness of
9, ¢ isitself a G-map: (g0 Ju=gou%s ' =grg” =g 'r=1>g¢p _, =
¢, or, gb = ¢p,.
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The commutativity of the two small triangles in the figure
f

i

w,
u

K

implies the commutativity of the large triangle. Hence ¢ is a G-map satisfying
(ResGg) © ¥ = £ In addition, if ¢, makes the diagram

f

|

Ow, /&

|
K
commute, then ¢,u =7 by uniqueness of 7, and so ¢, = ¢ by uniqueness
of 2.0
ReMARK IL6. Proposition ILS says there is a functor Ind$: AM — AC
left adjoint to ResH A® — AH je. Mor H(W ResHV) =~ Mor G(IndHW ),
natural in arguments W and V.

ProrosITION II.7. Let G be a group and A a category with finite co-
products. Suppose V € AS gnd V=1L 1W; asan object in A. Assume G
permutes the W;’s transitively, that is, each g;: W, —>1J_ W, looks like W,
— w, S UL, W, for some j and some morphism W;—> W,, and given any
ij, thereisa g €G suchthat gz W;— W; & oL ,w,

Let W, be one of the W,'sand let H be its isotropy group, i.e., H=
{8€Glg,: w, — W,y < LIW,}. Then asan object in AS, V' =IndZW, .

PROOF If & W, — W; & OW,, denote the map W, — W, by g’
Since gg ' =g7lg=1,, g W,-—>W,C-o 1w, implies g': W, — W, &

W, and gig™'); = 1w,(g' Vgl =1y,

Let ¢: Wy, —»ResHV be the canonical map W; & UL, W, ¢ is
clearly an H-map. To show V= IndHW,o, one need only show that V satisfies
the appropriate universal property.

Suppose f € Mor H(Wi ,ResHX) If thereisa G-map ¢: V— X such
that (ResH¢) vV=F then for each g € G there is a commutative diagram
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Wi _f,
"

HW, —¢—*X

Given i, let g€G be such that g, : W,.o-—> W; & LW, Then ¢;,=
¢g,o(g"‘)° =gfg ), ‘o, Thus sucha ¢ is unique.

To show existence, define ¢ by ¢, = gf‘@"), , where g €G such that
& W,o — W, & UW,. ¢ is well defined: If g, g Wip > W, & HW,,
then £"'g €H, so that g ~'gf = &9 —fG“)?gio. hence gf(g™!)°
=€)

LEMMA I1.8. Let A have coequalizers and finite coproducts, and let G
be a finite group. Then
AL B); ~Ag 1l Bg,

natural in arguments A and B.
PrROOF. There is a natural isomorphism
Mor, (4 I B)g, X) ~Mor, (4 I B, F5(X)
(Remark I1.4). Since adjoints are unique, one need only show

Mor, (4 I Bg, X) ~Mor, (4 1I B, F5(X)).
But

Mor,(4; I B, X) = Mor (4, X) x Mor,(B, X)

~Mor AG(A Fe(X)) x Mor G(B Fo(X) = Mor G(A I B, Fz(X)).

THEOREM I1.9. Let G be a group, and let A have finite coproducts,
coequalizers, and a “tensor product” L. Then if W,, W, € AS®,

¢w nu-wh(n = ¢wn(T) I ¢w;'(T')
forall T € AS.
PROOF.
¢wnu w;'(D = ((W,, a W;,) 1T J'”)s"
~ (W LT U Wy LT
~ (W, LT Il (W, I T'")g  (by Lemma IL8)

= ¢wn(T) 11 ¢w;'(n-D
LemMA I1.10. Let A have finite coproducts and coequalizers, and let
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K CHCG be finite groups. Let UE A¥ and W, W' € AB. Then
(@) Ind§W I W) ~ IndGW I IndGW',
(i) Ind§(IndZv) ~ IndgU,
(i) (IndGW)g = Wy,.
All the above isomorphisms are natural.

PROOF. (i) The result follows from the adjointness of Res$ and Ind$
(Remark I1.6) and an argument analogous to the one for Lemma IL.8.

(ii) This result follows from the uniqueness of adjoints and the obvious fact
that Resf(ResV) ~ ResG V.

(iif) The proof, which is similar to the preceding one, uses the adjointness
of Resj and Indf and of F; and ( )g, and the fact that ResG(F,(X)) =~
Fu(00

LeEMMA II.11 (FROBENIUS RECIPROCITY). Let H C G be finite groups,
and let A have finite coproducts, coequalizers, and a “tensor product” 1. As-
sume there is a functor Hom: A° x A — A such that

Mor, (4 L B, C) = Mor, (4, Hom(B, ()),
natural in A, B, C. Then for W€ AH, V € AS,
(IndGW) L V ~ IndG(W L ResG V).

PrOOF. The functoriality of Hom: A° x A — A induces the functor
Hom: (A®)° x A® — AC, and clearly

ResjHom(V, X) ~ Hom(Res$GV, ResG.X).
The lemma now follows from the standard argument using uniqueness of
adjoints.0

The following theorem gives a useful simplification for some of the functors
¢Wn in the special case of the existence of an object 1 in A suchthat 4 11

~ A, natural and coherent in the sense of II, §A. The object Fg(1) € AC will
be denoted 15, or simply 1.

THEOREM IL.12. Let G be a group, let A have an object 1 and be as
in Lemma 1111, and let Hom exist. Let HCS,, T€ AC, and W, =
Ind;"1. Then ¢y, (T) = (Resg(T"),.

PRrOOF.
Oy, (D = (ndg"1) L T

~ (Indg"(1 L Res;(T*")s (b Lemma IL11)

~ (ndy (Resg (T ), ~ (Resff (T*"); (by Lemma I110)0
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) ExampLEs IL13. () If W, = Ind}"1, then ¢y, (T) = Res;"(T*"), =
T,

(i) If W, =Indg"1, then @y, (T)= Ress"(T'")s, = (T*")s, = the
nth symmetric power of T.

If G and H are groups, 4 € A%, B € AH, then the morphisms A4 £
A, B2 B induce the morphism A L B> 4 | B, thereby making 4 1 B
€ AC*H (G x H is the direct product of G and H). In this setting, one has
the following lemma:

LEMMA I1.14. Let G and H be finite groups, and let A have finite
coproducts, coequalizers, and a “‘tensor product” L. Assume there is a functor
Hom, asin Lemma 11.11. If A€ A®, B€ AY, then (A LB)gyy ~Ag L By.

PROOF. Because of the uniqueness of adjoints, one need only show
MorAG xy@ L B, Fgxu(X)) = Mors(4¢ L By, X).
This follows from the following chain of natural isomorphisms, each easily verifiable:

Mor, gxu LB, G xu(X))
~ MOI(AH)G(FH(A) 1l FG(B)’ FG(,FH(X)))

~ Mor , y 6(Fu(4), Hom(Fg(B), Fo(Fy (X))

~ Mor(a1y6(Fy(4), F5(Hom(B, Fyy(X)))

=~ Mor s H((F(4))g, Hom(B, Fy(X)))

=~ Mor, n(F4(4 ), Hom(B, Fy(X)))

=~ Mor,u(Fy(4g) L B, Fy(X))

~ Mor ,y(B 1 Fy(4g), Fy(X))

~ Mor H(B Hom(%,;(45), Fy(X)))

~ Mor,u(8, Fyy(Hom(4, X))) = Mor (B, Hom(4, X))

~ Mor, By L Ag, X) ~Mor (4, L By, X).O

In the next theorem, S, x S,, is viewed as a subgroup of S, ., by
viewing S, as permuting the symbols 1,2, ,n, S,, the symbols n + 1,
n+2:--,n+m, and S,,,, thesymbols 1,2, ,n+m.

THEOREM 11.15. Let G be a group, let A have finite coproducts, coequal-
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izers, a “tensor product” 1, and an object 1. Assume there is a functor Hom
asanemmaIIll Let W, €A%, W, €A™, and TEAS. If W

Inds"+’" Wa LWy, then ¢y (D) =y (D) Loy, (7).
PROOF.
(T) ((Indsn-l-m wn 1 wm) 1 Tln+m)Sn+m

n+m

%(Inds"""" w,Lw, .I.Ress”"'"' T ™ )s,yy (b Lemma IL11)

S
N Wy L Wy LResg" LS T ™)g s (by Lemma IL10)

B ((Wp LT™) LWy LT™))g S
N Wy LT')g LWy LT'™)g  (by Lemma IL14)
= ¢wn(7) 1 ¢wm(7)~D

C. The main theorem and corollary. Let G be a group and A have
finite coproducts, a “tensor product” 1, and an object 1. Define the Grothen-
dieck ring K,(A®) to consist of all finite formal sums Zn;[T;] (n; €Z) of
G-objects T; in A, modulo the relations

® [1,] =I[T,] if T, =T, as G-objects,

@) [T,U7T,] =I[T,] + [T,].

Clearly, K,(A®) is an abelian group; the “tensor product” L, together with the
object 1€ A®, gives K,(A®) the structure of a commutative ring with identity,
ie. [T,]1[T,] = [T, 1T,]. When the meaning is clear, brackets will be omitted,
e.g., [Ty] —[T,] will appearas T, —T,.

ExampLEs IL16. (i) Let G be a finite group and A the category of
finite sets. Then A® = G-sets. Let L be the cartesian product, and 1 be any
one-element G-set. Then KO(AG) is the Burnside ring of G, B(G). (See I, §B.)

(ii) Let G be a finite group and A the category of finite-dimensional
vector spaces over C. Then A® = G-modules. Let L be the tensor product
®, and 1 be the one-dimensional G-module with trivial G-action. Then
K,(A®) is the representation ring of G, R(G) (see I, §C).

REMARK IL17. In the above examples, [T,] = [T,] implies T, =T,
as G-objects (see I, §B, §C). This is not the case in general; in particular, if A
is the category of vector bundles over a space X, then [E] = [F] implies only
that E®n=F ®n, where n is the trivial bundle of dimension n [3,
Appendix] .
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Let H C G be finite groups. Let A have finite coproducts, coequalizers,
a “tensor product” 1, and an object 1. P(A®) is defined to be the subring of
K,(A®) generated by {Ind$1|H a subgroup of G}.

ProrosITION IL.18. Let HC G be finite groups. If W= 1y, then
IndGW =11 ze 1z With G-action given by
1y

g 13 — lg; C I.Il;.

PROOF. Let Y: 1; & L1z One need only show that (L1, ¥) satis-
fies the appropriate universal property. Clearly, ¥: 17 — Resg(l.ll z) isan
H-map. If f€ Mor H(l o ResHX), there is a umque ¢ € Mor AG(Illx, X)
such that (Res$g) © 11/ f, namely ¢zxf1L forall X € G/H.O

PROPOSITION IL19. Every element in P(A®) is of the form Z;nIndf; 1,
where n, €Z and H; is a subgroup of G.

PROOF.
gy Laaén~( II 1z\e( II 1) (by Proposition IL18)
xEG/H YEG/K
~[1az11p)
55
~ 155~ ( 11 1(§.y‘)>
’y of .(/’ rbi t /K (xly)ea

~ ]I md§ 1 (by Propositian I1.7).0

G-orbits o @

The canonical S-object in A, denoted X, is defined to be Indg': xSp_y I
REMARK I1.20. From Proposition II.18, it follows that

Xk = I_I l&‘.
0ESL /(S XSk_1)
Since 6 =17 in S;/(S; x S,_,) iff 7(1) =0(1), each S, x S, _,-orbit of
S, consists of precisely those ¢ €S, which send 1 to the same symbol j.
Hence X, =H}‘=ll,-, where ¢ €S, acts by

For examples, see I.1(iii) and I.6(ii).
Let G be agroup, and A have finite coproducts, coequalizers, a “tensor
product” 1, and object 1. Let ¢,: AC® — A® be the functor sending 4 €
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A® to 15. ¢, and the functors $w, arsing from all positive integers n
and all W, € ASn (see II, §A) will be called S-operations. If A = G-modules
(see I, §C), the S-operations generate what are known as A-operations. If A =
G-sets (see I, §B), the S-operations will be referred to as B-operations.

For T€ AS, let (T) denote the subring of K,(A®) generated by
{[#(T)]| ¢ an S-operation}. If there is a functor Hom as in Lemma IL.11,
then Theorem II.15 says that every element in (T') is a finite sum Z_q, [¢,(T)],
where g, €Z, ¢, an S-operation.

Summarizing, the ring K,(A®) and subrings P(A®) and (T) have been
constructed. The main theorem and its immediate corollary apply when G = S
and T = X,:

MAIN THEOREM I1.21. Let A have finite coproducts, coequalizers, a
“tensor product” 1, and an object 1. Assume there is a functor Hom as in
Lemma IL11. Then for each positive integer k, P(ASX) C (X, ) D

COROLLARY II 22. Same hypothesis as above. Suppose P(A k) K (Ask)
Then (X,)=K,(A Sky,

LeMMA 11.23. Same hypothesis as above. Let HC S, and W,
Ind,,"l Then

ow, (%) = [T1ndzE 1,
v

Jor some collection of subgroups H, of S,. Here, v, # 7, need not imply
H, . #H, 2

This lemma does not imply (X,)C P(AS®), since (X,) is obtained from
all S-operations ¢y, , and if P(As“)aﬁKo(As“), W, need not be a linear
combination of objects Indy’1.

PROOF OF LEMMA. By Theorem IL12, ¢y, (X;) = (Res "(X‘"')),,r Since

k
p-()" ~, 1 a1

(1] 1 Jn
1<j;<k

~ I'I l‘jl""tin)’
(jl ""J”)
l<ij<k

we have

) ow, (Xp) = <Resf,< 0 1. J,.>>

1</;<k
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GES, actson Ill(,l "‘Jn) by

1,

0 1g gy 1y o

“— I.Il e f )0
a_l (n)) (jl ’ Jn)

_l(l)s'
and g €S, by

1, . i
g g g) " Yeuis0ad g, gy

moreover, og =go: Ul ...\ —Ul; .. ;.

Let J= {(j;," " LIS < k}. By the above, H C S, acts on the
set J. For jE€J, let j denote the orbit Hj. Using equation (1), it is not hard
to show that ¢w (X)) =W ormits 71> where g €S, actsby g 1 —>

= [[1,—]II1
S

be'the map induced from 1, i IR oI 715 It is straightforward to show
that (U;15, ) satisfies the universal property defining (lI ies1;)g- Hence as an
object in A, ¢w, x,) = L ;17. Since, for g € Sk, (ng)h = nhg = ng: l.lll

11, forall h eH there is a unique map 11, '-"ni'lf such that the diagram

xl |n
I 1r —g—-»H 17
commutes, and hence is determined by the commutative diagram:

1, ——1

| 131

lf\ /35"
1y
Thus ¢WJ‘(X,,) = g.orvitsy 1> and S, permutes the 1;s by permuting
the H-orbits j. Therefore,

o, G0~ iy~ I ( II 1 ) ~Indif 1y,

S -orbits y iey
(by Proposition I1.7), where lfo is one of the 1’sand H, is its isotropy
group.ld
Let HCS, and m be a nonnegative integer. H is said to be divisible
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by S, if H is conjugate to M x S,, (as subgroups of S,) for some subgroup
M of S,_,,. Here, “H conjugate to M x S,” means H is conjugate to some

subgroup M of S;;“H conjugate to M x S, means H is conjugate to S,.

Clearly H is always divisible by S,,.

PROOF OF MAIN THEOREM. It is enough to show that if H C S, is divis-
ible by S,, for some m, 0 <m <k, then Ind k1 e (X, ). The proof is by
induction (backwards) on m:

@ If m=k then H=S, and Ind k1= lSk_¢o(Xk)e<Xk

(ii) Suppose m < k and assume that if m <m' <k, then H divisible
by S, =='Ind ¥1 €(X,). Let H be divisible by S,,. Then Indj] k1 =
IndSk, s,,1 forsome MCS,_,,. Let W,_, = Indsk-'"l Lemma I1.23 gives

ow, =1 (H 1) =md;} 1
Sp-orbitsy\J jey v

Recall that J= {(j, - *, jx_py)I 1 <j; <k} isan S,-set and an M-set, that
S, permutes the M-orbits j of J, and that y runs through the S,-orbits of
the set of M-orbits of J.

Direct computation shows that the M-orbit (i, - -, k —m), which is
in some S,-orbit 7,, has isotropy group H,, =M x S,,. Moreover,
Gir """ s Tx—m) €Yo Whenever all the j;’s are distinct, since S, is (k ~m)-
fold transitive. Thusif (7, - ,Jr_m)EY #7g» J; =1J, for some i#t; hence
its isotropy group H, is of the form K x §,,, for some m'>m and K C
Si—m- Since H, is divisible by S,,, for some m'>m if v#17,, IndH"l €
(X ) forall vy =# 7o by induction hypothesis. Thus

S S S
Ind;f = Ind M"xs,,,l = ¢wk—m(X") - 'Ey IndF1 €(X; ).
0

The proof is completed by induction.J
III. APPLICATIONS AND OPEN QUESTIONS

A. Unigeneration of the )\-nng R(S;). It is well known that R(S,) isa
free Z-module with basns {Indsk XSgy XS, 11 k; 21, Z,k; = k} [5, Chapter
III]. Therefore, P(A k) =K, (Ask) R(Sk), where A = finite-dimensional
vector spaces over C. Corollary I1.22 now implies R(S)) = (X ), and Theorem
IL15 gives that every element of R(S,) is a linear combination of {[¢(X;)]|¢
an S-operation}.

Moreover, every S-operation is a linear combination of symmetric power
operations:

W, ERES,) = [W,] = [W,] - [W,],
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where
Wy = o Inds? xoxs, L Wi =2 BInds] xoxs, b
with o, B, positive integers.
w.l=1[w,]+[w,]=[W,UW,]=>W,=W,1W, (See Remark II.17)
= ¢W;:(D = ¢wn(T) 1| ‘f’w;,'(T) (by Theorem I1.9)

= [, D] = (8 (D] 1 [y D],
Since

S S
Indszlxsnzl = IndS:lxsnz(l ® l),

etc., Theorem II.15 implies ¢w,,(T) is a linear combination of {, l(T) ®
By, (T) @ -+ ® h, (D)In; > 0}, where hy = ¢y, and h, = ¢w, for n>0
and W, =Indg 1. The h;’s are, of course, symmetric power operations (see
Example I1.13(ii)).

Combining the two paragraphs above, one obtains the result that every
element of R(Sy) is a linear combination of {4, (X,)® - - ®h, (X,)In;>0}.
Thus R(S)) is generated by the single element X, if symmetric powers are
included with the standard ring operations. Since A-operations generate symmetric
power operations [2], [S], X, generates R(S;) asa M-ring.

REMARK IIL.1. Although R(S,) is unigenerated asa A-ring, it is not uni-
generated as a ring, i.e., R(S;)# Z[T] for all T €R(S;). The first counter-
example is R(S,): 4

If R(S;)=Z[T], then the ring Z/2 ®, R(S,) is unigenerated asa Z/2-
module. Since R(S,) is a free Z-module of rank 5 (see Proposition 1.9), Z/2
®z R(S,) isa free Z/2-module of rank 5. By writing out its multiplication
table (Z/2 ®, R(S,) hasonly 25 elements), one can show that no element
generates all of Z/2 ®, R(S,).

B. A unigeneration theorem for B(S,). B(G) is a free Z-module with
basis {G/H,}, where {H,}= a set of representatives of the conjugacy classes of
subgroups of G (Proposition 1.5). Clearly, if A = finite sets, then lndgl =
the G-set G/H (see Proposition IL.18). Thus P(A®) = KO(AG) = B(G). Hence
Corollary I1.22 implies that B(S;) = (X, ). Thus S-operations (here called
“Boperations™) applied to X, generate all of B(Sy).

REMARK IIL.2. B(S;) is not, in general, generated by one element as a
ring, since the ring homomorphism B(G) — R(G) defined by T +> vector
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space with basis {v,},cr (see Examples L6(ii), (ii')) is onto if G =S, [5,
Chapter II1], and therefore the ring B(S,) is not unigenerated since R(S,) is
not (see Remark IIL.1).

ReMARK III.3. Applying sums and products of symmetric power operations
h, to X, does not, in general, give all of B(S,). B(S;) isa counterexample:

The nonconjugate subgroups of S5 are 1, S, x §,, S; and 45 (= the
even permutations in S3). Proposition L5 now says that B(S;) is a free Z-
module with basis §;/1, S3/S, x S,, §3/S;, S3/4;. Note that S,/S, x S, =
X3 (see Proposition I1.19) and S,/S; = 1. B(S;) is now completely described
by the following multiplication table, which is obtained easily by direct calculation
using Propositions 1.2, 1.3, and 1.4:

1 Ss/A4 X, S,

1 1 S,/A, X, S5/1
Si/d5 | S,/A; | 25/44 S,/1 25,/1
X, L X, Si/1 | S5/l +X5 | 38,01
S | s | 2s,n 385,/1 | 6530

Now suppose that the symmetric power operations &, applied to X,
give all of B(S3). Then, in particular, S;/4; could be expressed as a finite sum

Za,l_"’h,,il(Xs)h,,iz(Xs)---h,,i‘(Xs), where 4, €Z.

From the multiplication table, it is clear that one of the #,(X;)’s above must be
of the form n,1 + n,S3/4; + n3X; +n,S,/1, with n, #0. But forall n >
0, h,(X3)=ny1 +n3X; +n,S,/1 for some n; €Z: An element (x, x,," -,
X,) inan S,-orbit of X7 is made up of u, 1’s,u, 2’s, uy 3’s, where p, +
M, +u3 =n, and the 3-tuple (u,, u,, u3) uniquely determines the S,-orbit.
If the p;s are all different, then the S;3-orbit of (X3)s, which contains the
S,,-orbit corresponding to (u,, uy, u3) is S,/1. If exactly two of the p,’s are
the same, then the Sj3-orbitis S3/S; x §,. If u; = u, = u;, then the S;-
orbit is §3/S5. Therefore, S;3/A; never arises.

Thus B(S,) is generated by X, if all the p-operations are used, but is, in
general, not generated by X, if only symmetric power operations are used. Hence
B-operations include, but are not the same as, symmetric powers.
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C. Some open questions. Since the S-operations in the linear representation
theory case are generated by symmetric power operations (see III, §A), which
are defined on all of R(G) (see I, §C), S-operations extend to operations on
R(G), thus making R(G) a “M-ring”. The unigeneration of R(S;) can be
phrased:

There is an onto ““A-ring homomorphism”

A—"R(Sk), al HX,v

where A is the “free A-ring on one generator” a, € A. Hence R(S;) = A/I,
for some A-ideal L A reasonable description of this A-ideal, in particular, a
canonical set of generators, is unknown.

In the case of permutation representations, i.e., G-sets, the corresponding
theory of “Pring” which would allow extending the B-operations to all of B(G)
is not known.
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